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Question 1(a) If H and K are normal subgroups of a group G such that H N K = {e},
show that hk = kh for h € H, k € K.

Solution. Consider hkh='k~!. Since K is a normal subgroup of G, hkh™' € K =
hkh='k~' € K. Similarly, H is normal in G, so khk™' € H = hkh™'k~! € H. Thus
hkh=*k=' ¢ HN K = hkh™'k~! = e = hk = kh as required. [

Question 1(b) Show that the set of even permutations on n symbols, n > 1, is a normal
subgroup of the symmetric group S, and has order n!/2.

Solution. Let A, be the set of all even permutations, then A, # () because the identity
permutation is in A,. If a, 3 € A,, then af € A, because a even, § even = af is an even
permutation. o € A, = a~! € A, because a even = o~ ! even. Thus A, is a subgroup of
Sh.

A, is a normal subgroup. Let g € A,,, then afa~
odd, then o' is odd, so a3a~! is even, and if « is even, then o~
Thus afBa~t € A, for all « € S,,, B € A,,, so A, is normal in S,,.

Since n > 1, S, has an odd permutation, for example (1,2). Then S, = A, U A,,(1,2) is
the coset decomposition of S,, modulo A,: Let a € S,,. If « is even, then a € A,,. If « is
odd, then # = «(1,2) is even, so f € A,,. Now a = 3(1,2) € A,(1,2),s0 S, = 4, UA,(1,2).
It is obvious the A, N A, (1,2) = (), so the index of A, in S, is 2, i.e. the order of A, =n!/2
as required. |

lis even for all o € S,, because if « is

Lis even, so aBa~! is even.
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Question 1(c) Prove that the set of inner automorphisms of a group G is a normal subgroup
of the group of automorphisms of G.

Solution. Let A be the group of automorphisms of G and let I be the set of all inner
automorphisms (which are automorphisms of the form a,(z) = aza™ for a € G).

1. I # () as the identity automorphism is in I, because if « is the identity automorphism,
then a(z) =z = ere ™! = a.(z), so a € I.

2. If ag, ap € I, then ag 0 ay(z) = ag(ap()) = albzb )b = ag(x) = a0, = ag € 1.
3. ap € I = ay—1 € I and ap0,-1 = agg—1 = . Thus a,-1 is the inverse of «, in I.

Thus I is a subgroup of G.
Let o0 € A be arbitrary. Then for any «, € I,

cao N(z) = olac H(x)a™)
= o(a)o(c (z))o(a™)
= o(a)ro(a)™ = ()
Thus oca,o~t € I. Hence I is a normal subgroup of A. | |

Question 2(a) Show that the numbers 0,2,4,6,8 with addition and multiplication modulo
10 form a field isomorphic to Js the ring of integers modulo 5. Give the isomorphism explic-
itly.
Solution. Let F' = {0,2,4,6,8}.

1. F is closed w.r.t. addition modulo 10. The addition table is

H

[2]4]6]8

o | x| | O+

0
0
2
4
6
8

O 0| O =~ DN
N O 00| O W~
=N O 0o O
D =N D] o

2. Addition is commutative and associative, as it is so in Jig and F' C Jyp.

3. Clearly 2,8 and 4, 6 are inverses of each other, so F'is an abelian group under addition.
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4. F'is closed under multiplication. The multiplication table is

9] |

0| | = DN O|| X
OO OO O &
DN CO| =] O DN
M%@OOOI
OOCD»P[\’)O?
=] 00| DN O] O 0o

5. 6 is the multiplicative identity, and multiplication is commutative.
6. Every non-zero element has an inverse 2 x 8 =4 x4 =6 x 6 = 6.

Thus F* = ' — {0} is a multiplicative group. Thus F is a field.

Isomorphism. For o € Z, let [a] be the residue class of @ modulo 5. Let o : F — J;
be defined by o(0) = [0], o(6) = [1], 0(2) =0(6+6) = 0(6) +0(6) = [1] +[1] = [2], 0(4) =
g(6+6+6+6) =40(6) =[4], 0(8) =0c(6+6+6) =30(6) = [3]. It can be easily checked
that o is an isomorphism. |

Question 2(b) If R is a commutative ring with identity and U is an ideal of R. Show that
U is maximal if and only if R/U is a field.

Solution. Let U be a maximal ideal. We already know that R/U is a commutative ring
with identity given by 14+ U. R/U will be a field if we show that every nonzero element
a+ U € R/U is invertible. Now a +U # U = a ¢ U. Thus the ideal generated by a
and U contains U properly = (a,U) = R as U is maximal. Thus 1 = ab + u for some
beRuelU=(a+U)(b+U)=1+4U = a+U is invertible. Thus R/U is a field.

Conversely, let R/U be a field, and M D U be an ideal. We shall show that if M # U,
then M = R = U is maximal. Now if M D U = Ja € M,a # U. Thusa+ U is a
non-zero element of R/U and therefore invertible i.e. there exists b + U € R/U such that
(a+U)b+U)=14+U,orab—1€U = ab—1¢€ M. But ab € M as a € M, therefore
le M = M = R = U is maximal.

See theorem 3.5.1 Page 138 of Algebra by Herstein for a different proof. | |

Question 2(c) Determine all the ideals U in Jio, the ring of integers modulo 12. In each
case describe J1o/U by finding a familiar ring with which the quotient ring is isomorphic.
Which of these ideals is mazimal?

Solution. Let ([a]) denote the ideal generated by [o] € J1o = {[0], [1],...[11]}. Since Ji2
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is a principal ideal domain, we have to determine the distinct principal ideals. These are

(o = {lon

(1) = Ju={1]) =) = {7)
(2) = {l01,[2], 4], [6], [8], [10]} = ([10])
{31y = {lo1,13], 6], [91} = {[9])

([4) = {[o], 4], 8]} = ([8)

([61) = {lo],[o]}

IfU = (2]), then R/U = {[0]+U, [1]+ U} ~ Z/2Z, the isomorphism being o ([0]+U) = 0
mod 2,0([1]+U) =1 mod 2.

If U= ([3]), then R/U = {[0] + U, [1] + U, [2] + U} ~ Z/3Z, the isomorphism being
o([0]4+U)=0 mod 3, o([1]+U) =1 m0d3 o([2] +U) =2 mod 3.

If U = ([4]), then R/U {0+ U, 11+ U,[2] + U, [3] + U} ~ Z/AZ, the isomorphism
being o([0]+U) =0 mod 4, o([1]+U) =1 mod 4, o([2]+U) =2 mod 4, o([3]+U) =3
mod 4.

If U = ([6]), then R/U = {[a] +U | 0 < a < 5} ~ Z/6Z, the isomorphism being
o([a] +U) = a mod 6.

Clearly ideals generated by [2], [3] are maximal as R/([2]) ~ Z/2Z, and R/([3|) ~ Z/3Z,
which are fields.

Thus Jio has 6 ideals, namely ([0]), ([1]), ([2]), ([3]), {[4]), ([4]) of which ([2]), ([3]) are

maximal. [ |
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