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Question 1(a) Evaluate by contour integration

/ ¢ de, 0<a<l1
oo Lt €%

Solution. See 1991, question 2(c). i

Question 1(b) Find the function f(z), holomorphic within the unit circle, which takes the

values o
a— cost +isinf

a? —2acosf +1

on the circle.

Solution. See 1997, question 2(c). [

Question 1(c) Find by contour integration the value of

T xsinx dx
o a?>—2acosr+1

if a > 1.

Solution. Note: Even though the question restricts us to a > 1, we shall also consider the
case 0 < a < 1 for completeness.
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We take f(2) = ;== and the con-
tour C' is the rectangle ABC'D where A = Y
(—m,0),B = (7,0),C = (m,R),D = (-7, R) C 4
oriented in the anticlockwise direction. We

let R — oo eventually. A(—m,0) B(m,0)

Clearly f(z) has simple poles at points z given by e¥* = a = el#at?m p ¢ 7. Thus
z = —tloga+ 2nm,n € Z.

Thus when a > 1 ie. loga > 0, f(z) has no pole in the vertical strip bounded by
x=—-max=my>0. When 0<a<1, f(z) has a simple pole at z = —iloga inside C.

Residue at z = —iloga is given by lim, ;1044 (leL_i;ffz)z = az_.z,kicg)gaa = —loga.
Thus by Cauchy’s residue theorem,
, z 0, when a > 1
lim ——dz = _
R—oo Jo 1 —ae™% —2miloga, when (O <a<1

1. On CD, z =z + iR, x varies from 7 to —.

z Tz +1R
/C"D 1 — ge—#* Z’ /7r 1 — ge—i(z+iR) x

Now |z +iR| < |z| + |R|, |1 — ae~®@ef| > |ae®e~| — 1 and therefore

T R T R
[ e [l [,
cp 1 —ae % _.aeft—1 _raet—1
27(m + |R|)
aeft — 1

T xdx O xdx T xdx
()d -
z)dz = — = _ _
AB 1l —ae™® .1l —ae™™® o 1 —ae™™@

Changing = to —x in the first integral, we get

T xdx T xdx
dz = _ = .
AB f(z)dz /0 1 —ae /0 1 —ae®
/7r ar(—e® + e~)
0

1— a(eix + e—ix) + a2

/7r —2iax sin x
= dx
o 1—2acosx + a?

Now limp a0 =0,s0 [, f(z)dz=0.

dx
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3. On BC, z=7n+14y and on DA, z = —7 + iy, dz = idy, and

lim [ B f@dz+ | 1) dz]

R—o0
[T Ty R R
= ——d —=d
2/0 1 —aevy—'m y—i—l/oo 1— qevrir Y
./°° T+iy Ty J
= 1 P
o |1+aey 1+ aey
e’} —y oo 1
= 27m'/ ¢ dy = —2milog(e™ + a) = 27rz'loga+
o € Y+a 0 a
Thus
A i 1 0 h > 1
lim/f(z)dz:/ TSIy da:—|—27m'loga+ =<7 wheth @
R—oo J o 1—2acosx +a? a —2miloga, when0O<a<1

showing that when a > 1,

4 rsinx —2milog &L 7 1
do = ———=— = Ziog(1+ )
/0 1 2acosz +a2 —2ia a8 * a

and when 0 < a < 1,

atl T
= —log(l+a)
a

dr =

/7r rsinx _ —2miloga — 2milog
o 1—2acosx+ a? —2ia
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