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Mathura
uestion 1(a) FEvaluate by contour integration method xsm—mxdx'
Q (a) Yy g 11 gh
o Th+a
Solution. See 1998 question 2(b). [
* 2% llogax
uestion valuate by contour integration metho ————dr, 0<a<?2.
Question 1(b) FEvaluate b t mtegrati thd/ 14_2d0 2
0 x
Solution. D(-R, ) ‘ C(R, )
y=m
Ze(lZ
We take f(z2) = —— and the con-
1+ e?* Yyr = —R r=R
tour C' as the rectangle ABC'D where A = C A
(-R,0),B = (R,0),C = (R,m),D =
(—R, m) oriented positively. y=0

1. On BC, z = R + 1y and therefore

W<R+Z~y)€aR+iay. W(R_I_y)eaR 71_(}%_+_71.)66L1%
2(R+1 Zdy < 2R dyg 2R
o 1+ et o et—1 e?R —1

f(z) dz

BC

because |1 +e2f| > e —1land R+y<R+7mon0<y<m.

: . (R4+me®  (R+mae*+e®  (R+ma+1
Smce}%gl;o T _RIE»I;O 5o2F —l%l_rgo So2R—alt =0if2—a >0
i.e. a < 2, it follows that lim f(z)dz=0.

R—oo [peo
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B T (—R + iy)efaPﬁiay . ™ (—R + y)e—aR W(R + 7T.>€faR
B = /0 T re-mrm WS [ Ty T WS Ty T o
But limp .o Re™* = 0 (note that e=** < —L), therefore I%im f(z)dz = 0.
—JDA
3. lim (2)dz —/ .
R—oo J 4B N 1+ ez

—00 : a(z+im)
4. lim (2)dz = / (z + im)e —— dx as z = v + 7.
R—oo Jop . 1+ e2r+2im

Thus

0o azx 00 : a(z+im)
lim / f(z)dz = / A / (z+ im)e dx
R—oo [ oo 1+ e2= 1+ e22

—00

00 ax iTa oo ax iTma
re®®(l —e . e™e
= / ¥ dx —im / dx

14 e o 1+ €%

o0

The poles of f(z) are given by e** = e®"™)™_ The only pole in the strip 0 < y < 7is z =

and it is a simple pole.

. mia

. Zeaz Z — ﬂ ﬂeT Z mia
Residueatz:%is lim ( 22): 2 :—W—e2.Thus
P 2em 4
00 xeaz(l _ eiﬂa) ) 00 eazeiﬂa ) i ria
————~dr —1 dr = 2mi| ——e2 1
/;oo 1+€2x ﬂ-/—ool_'_e%: 7T< 4 ) ()

Equating the real part of both sides, we get

© ze®(1 — cosa) , el ™ 7a
dx + wsinam ——dr = —cos—

o lte= o 1tex 2 “P
ma [ xe™ e 2 Ta
= 2sin® — dx sina dr = —cos—
' 2/_Oo1+e2w o ”/_m1+e2w 2 "
Putting e* =t so that x = logt,dx = dt/t, we get
_,ma [t logt . % pa-l 7w ma
2sin 5/ Wdt“—ﬂ-Slnﬂ-a e dt = 5 o8 o (2)

Equating the imaginary parts in (1), we get

) e o pax ™ 7a
—sinma 5 dx — wecosma 5 dr = — sin —
1t o lte 27 2
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Put e* =t as before, to get

>t logt o gt g a
—sin 7ra/ R Ly P 7ra/ dt = = gin— (3)
0 0

1+1¢2 1+1¢2 2 2

Multiplying (2) by coswa and (3) by sin7a and adding we get

(2sin” T os s ) t logt dt U COS T COS — + sin 7@ sin —
sin® — wa — sin® wa _— = — Ta — —
2 0 1+ ¢2 2 2 2
2 Ta 2 Ta
= —cos|ma—— | = — cos—
2 2 2 2
a a
Now 2sin? %a cosma —sin’ra = 2sin % [COS 7a — 2 cos? %]
a a a
= 23in2%[20082%— 1 — 2cos? %]
= —2sin? W—a
>t ogt g
= / —Ogdt = —F—COSF—G QSiDQW—a
0 14+ ¢2 2 2
= 1 co 5 cse 5
as required. |

Question 1(c) Distinguish clearly between a pole and an essential singularity. If z = a is
an essential singularity of a function f(z), prove that for any positive numbers n, p, € there
exists a point z such that 0 < |z — a| < p for which |f(z) —n| <.

Solution. If f(z) has an isolated singularity at zo, which is not a removable singularity,
then f(z) has a pole at z = z if lim,_,, f(z) = co. In this case if f(z) has a pole of order k
at z = 2, then

f(z):a_k(z—zo)_k—i— +G1Z—Zo l—i-Zanz—zo
n=0

and this Laurent expansion is valid in some deleted neighborhood 0 < |z — zp| < § of z.
If lim,_,,, f(2) does not exist, then f(z) has an essential singularity at z = z,. (Note
that lim,_,., f(2) is not finite as z, is not a removable singularity). In this case

= Z an(z — 29)"

n=—0oo

and a_, # 0 for infinitely many n. Again this Laurent expansion is valid in some deleted
neighborhood 0 < |z — zg| < ¢ of 2.
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The second part is Casorati-Weierstrass theorem. Let f(z) be analytic in some deleted
neighborhood N of a. Suppose that there exists € > 0 such that |f(z) —n| < € is not satisfied
for any z € Nie. |f(z) —n| > € for every z € N. Let g(z) = m Then g(z) is analytic
in N and g¢(z) is bounded in N, therefore g(z) has a removable singularity at a. Since g(z)
is not constant as f(z) is not constant, either g(a) # 0 or g(z) has a zero of order k > 0 at
z = a. This means that f(z) —n is either analytic at z = a or f(z) —n has a pole of order k
at z = a. But this is not true, because f(z) has an essential singularity at z = a. Thus our
assumption is false i.e. we must have z € N for which |f(z) —n| < e. Note that we could

take our deleted neighborhood N of the type 0 < |z —a] < § < p. [ |
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