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Question 1(a) Prove that every power series represents an analytic function within its
circle of convergence.

Solution. Let f(z) =
∞∑
n=0

anz
n have R as its radius of convergence. We shall show that for

any z in the region C = {z : |z| < R}, f ′(z) =
∞∑
n=1

nanz
n−1. We first of all note that the

radius of convergence of the series
∞∑
n=1

nanz
n−1 is also R as lim

n→∞
n

1
n = 1.

Let z ∈ C and |z| < ρ < R and let h be chosen so small that |z|+ |h| ≤ ρ < R. Thus∣∣∣∣(z + h)n − zn

(z + h)− z

∣∣∣∣ ≤ (|z|+ |h|)n−1 + |z|(|z|+ |h|)n−2 + . . .+ |z|n−1 ≤ nρn−1 (1)

Since the series
∞∑
n=1

nanρ
n−1 is convergent, given ε > 0 ∃N1 > 0 such that

∣∣∣∣ ∞∑
r=n+1

r|ar|ρr−1

∣∣∣∣ < ε

3
for n ≥ N1

and in particular
∞∑

r=N1+1

r|ar|ρr−1 <
ε

3
. (2)

Since lim
h→0

[
an

(z − h)n − zn

h
− nanzn−1

]
= 0, given ε > 0 there exists δ > 0 such that

∣∣∣∣ N1∑
n=1

[
an

(z − h)n − zn

h
− nanzn−1

]∣∣∣∣ < ε

3
for |h| < δ (3)
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Now ∣∣∣∣f(z + h)− f(z)

h
−
∞∑
n=1

nanz
n−1

∣∣∣∣
≤

∣∣∣∣ N1∑
n=1

[
an

(z + h)n − zn

h
− nanzn−1

]∣∣∣∣+
∞∑

n=N1+1

|an
(
(z + h)n − zn

)
|

h
+

∞∑
n=N1+1

|nanzn−1|

=
ε

3
+

∞∑
n=N1+1

|an|nρn−1 +
∞∑

n=N1+1

|an|nρn−1 for |h| < δ

< ε

Thus lim
h→0

f(z + h)− f(z)

h
=
∞∑
n=1

nanz
n−1 = f ′(z), so f(z) is analytic in C.

Question 1(b) Prove that the derivative of a function analytic in a domain is itself an
analytic function.

Solution. Cauchy’s integral formula states that if f(z) is analytic within and on a simple
closed countour C oriented positively and if z0 is any interior point of C, then f(z0) =

1

2πi

∫
C

f(z) dz

z − z0

.

Let f(z) be differentiable in a domain D and z0 ∈ D. Let C be a circle with center
z0, the boundary of which is positively oriented, such that f(z) is differentiable within
and on C, and C along with its interior lies in D. Then by Cauchy’s integral formula,

f(z0) =
1

2πi

∫
C

f(z) dz

z − z0

.

Let h ∈ C be so small that z0 + h also lies in the interior of C.

f(z0 + h)− f(z0)

h
=

1

2πih

∫
C

(
f(z)

z − z0 − h
− f(z)

z − z0

)
dz

=
1

2πih

∫
C

hf(z) dz

(z − z0 − h)(z − z0)

=
1

2πi

∫
C

f(z) dz

(z − z0 − h)(z − z0)

Now

f(z0 + h)− f(z0)

h
− 1

2πi

∫
C

f(z) dz

(z − z0)2

=
1

2πi

∫
C

(
f(z)

(z − z0 − h)(z − z0)
− f(z)

(z − z0)2

)
dz

=
1

2πi

∫
C

hf(z) dz

(z − z0 − h)(z − z0)2
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Let M = supz∈C |f(z)|, l = length of C, d = minz∈C |z − z0|, d > 0. Since we are interested
in h→ 0, we could have assumed in the beginning itself that 0 < |h| < d. Thus we get∣∣∣∣f(z0 + h)− f(z0)

h
− 1

2πi

∫
C

f(z) dz

(z − z0)2

∣∣∣∣ ≤ M |h|l
2πd2(d− |h|)

Since the right hand side of the above inequality tends to 0 as h→ 0, it follows that

lim
h→0

f(z0 + h)− f(z0)

h
=

1

2πi

∫
C

f(z) dz

(z − z0)2

i.e. f(z) is differentiable at z0 and since z0 is an arbitrary point of D, it follows that

f ′(z) =
1

2πi

∫
C

f(ζ) dζ

(ζ − z)2

where C is any positively oriented circle containing z in its interior.
We shall now prove that

f ′′(z0) =
2!

2πi

∫
C

f(z) dz

(z − z0)3

where z0, C are as chosen above. Let h be also chosen as above. Then

f ′(z0 + h)− f ′(z0)

h
− 2!

2πi

∫
C

f(z) dz

(z − z0)3

=
1

2πih

∫
C

f(z)

[
1

(z − z0 − h)2
− 1

(z − z0)2
− 2h

(z − z0)3

]
dz

=
1

2πih

∫
C

f(z)
(z − z0)3 − (z − z0 − h)2(z − z0)− 2h(z − z0 − h)2

(z − z0 − h)2(z − z0)3
dz

Now (z − z0)3 − (z − z0 − h)2(z − z0)− 2h(z − z0 − h)2

= (z − z0)[(z − z0)2 − (z − z0 − h)2]− 2h[(z − z0)2 − 2h(z − z0) + h2]

= (z − z0)h[2(z − z0)− h]− 2h(z − z0)2 + 4h2(z − z0)− 2h3

= h[2(z − z0)2 − h(z − z0)− 2(z − z0)2 + 4h(z − z0)− 2h2]

= h2[3(z − z0)− 2h]

Thus we get ∣∣∣∣f ′(z0 + h)− f ′(z0)

h
− 2!

2πi

∫
C

f(z) dz

(z − z0)3

∣∣∣∣ ≤ M |h|(3ρ+ 2|h|2)l

2πd3(d− |h|)2

where M,d, ρ are as before. Since the right hand side of the above inequality tends to 0 as
h→ 0, it follows that

f ′′(z0) = lim
h→0

f ′(z0 + h)− f ′(z0)

h
=

2!

2πi

∫
C

f(z) dz

(z − z0)3

i.e. f ′(z) is also analytic in D.
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Question 1(c) Evaluate by the method of contour integration

∫ ∞
0

x sin ax

x2 − b2
dx.

Solution. We take f(z) = zeiaz

z2−b2 and the contour C consisting of the following

1. The line AB joining A = (−R, 0) and
B = (−b− r1, 0).

2. γ1, the semicircle (x+b)2+y2 = r2
1 lying

in the upper half plane.
3. Line CD joining C = (−b + r1, 0) and
D = (b− r2, 0).

4. γ2, the semicircle (x−b)2+y2 = r2
2 lying

in the upper half plane.
5. Line EF joining E = (b + r2, 0) and
F = (R, 0).

6. Γ, the semicircle x2 + y2 = R2 lying in
the upper half plane.

Γ

γ1 γ2

F (R, 0)A(−R, 0) B C D E

Eventually we will let R →∞, r1, r2 → 0. Now the integrand has no pole in the upper half
plane, therefore

lim
R→∞
r1→0
r2→0

∫
C

zeiaz dz

(z2 − b2)
= 0

1. On Γ, ∣∣∣∣∫
Γ

zeiaz dz

(z2 − b2)

∣∣∣∣ ≤ ∣∣∣∣∫ π

0

ReiθeiaRe
iθ

R2 − b2
Rieiθ dθ

∣∣∣∣
because of Γ, |z2 − b2| ≥ |z|2 − b2 = R2 − b2.∣∣∣∣∫

Γ

zeiaz dz

(z2 − b2)

∣∣∣∣ ≤ R2

R2 − b2

∫ π

0

e−aR sin θ dθ =
2R2

R2 − b2

∫ π
2

0

e−aR sin θ dθ

(We can double the integral and halve the limit, because sin(π − θ) = sin θ). Using
Jordan’s inequality sin θ ≥ 2θ

π
for 0 ≤ θ ≤ π

2
we get∣∣∣∣∫

Γ

zeiaz dz

(z2 − b2)

∣∣∣∣ ≤ 2R2

R2 − b2

∫ π
2

0

e−aR
2θ
π dθ =

2R2

R2 − b2

(
1− e−aR

2aR/π

)
=
πR(1− e−aR)

a(R2 − b2)

showing that lim
R→∞

∫
Γ

zeiaz dz

(z2 − b2)
= 0.

2.
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To get the value of the integral along γ1, γ2

we observe that if f(z) has a simple pole at
z = a and γr is a part of a circle of radius
r with center a, then

lim
r→0

∫
γr

f(z) dz = ia−1(θ2 − θ1)

where a−1 is the residue of f(z) at a.

γr

θ1

θ2

Proof: Let

f(z) =
a−1

z − a
+ a0 + a1(z − a) + a2(z − a)2 + . . . =

a−1

z − a
+ φ(z)

where φ(z) is analytic in the circle |z − a| ≤ r. Thus∣∣∣∣∫
γr

φ(z) dz

∣∣∣∣ ≤Mr(θ2 − θ1)

where M = sup|z−a|=r |φ(z)|. Thus lim
r→0

∫
γr

φ(z) dz = 0 and

lim
r→0

∫
γr

f(z) dz =

∫
γr

a−1 dz

z − a
= i

∫ θ2

θ1

a−1 dθ = ia−1(θ2 − θ1)

Now the residue of
zeiaz

z2 − b2
at z = b is 1

2
eiab, and the residue at z = −b is 1

2
e−iab.

Thus limr1→0

∫
γ1
f(z) dz = 1

2
ie−iab(0−π) = − iπ

2
e−iab and limr2→0

∫
γ2
f(z) dz = 1

2
ieiab(0−

π) = − iπ
2
eiab.

Using the above data we get

0 = lim
R→∞
r1→0
r2→0

∫
C

zeiaz dz

(z2 − b2)
=

∫ ∞
−∞

xeiax dx

(x2 − b2)
− iπ

2
e−iab − iπ

2
eiab

or ∫ ∞
−∞

xeiax dx

(x2 − b2)
= πi cos(ab)

Taking imaginary parts, we get ∫ ∞
−∞

x sin ax dx

(x2 − b2)
= π cos(ab)

or ∫ ∞
0

x sin ax dx

(x2 − b2)
=
π cos(ab)

2
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