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Question 1(a) By evaluating / P

/ 1+2cos€d9_0
0

over a suitable contour C' prove that

544cosh
. . o . . dz
Solution. By using the unit circle |z| = 1 as contour, and integrating / nt we have
|z|=1 ?
21 27
14 2cosf 14 2cosf
proved /0 514%(19 = 0 — see 1997, question 1(b). Now in /7r %d@ put
0 = 27 — ¢ so that
/2” 1+20089d9:/0 1+ 2cos(2m — ¢) (—do) :/7r 1+2c:os¢d¢
» H+4cosd » D+ 4cos(2m — 9) o D+4cosd
14 2cosf ™14 2cosd
Thus/ id@ = 2/ ﬂdQ showing that
o O+4cost o D+4cosb
"1+ 2cosf
—df =0
/0 5+ 4cosb
|

Note: If the contour was not prescribed, we could have put z = €% to get
2 2
1+ 2cos6 1 1
/ + 2cos go— L / 224z + "
o H+4cosh i Jjs=r 2(52 + 222 4 2)
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The integrand has two poles at z = 0,z = —% inside |z| = 1, which are simple poles. The

residue at z = 0 is % and the residue at z = —% is —%, so we get

2 +z+1 T 1+ 2cosf
/Z|:1 z(bz 4 222 + 2) : /0 5+ 4cosf
Question 1(b) If f(2) is analytic in |z| < R and x,y lie inside the disc, evaluate the

f(2)dz

|2|=R (z—2)(2 —y)
Z 18 a constant.

integral and deduce that a function analytic and bounded for all finite

Solution. Cauchy’s integral formula states that if f(z) is analytic on and within the disc
|z] < R, then for any ¢ which lies within the disc

fo =L [ 1ed

271 |z|=R C—Z

Thus
/|Z_R - f(z)dz _ 1 {/| f(z)dz_/l M} _ ﬂ[f(x)—f(y)]

—z)(z —y) T=y|Jper 2 -7 der 2 Y

We now prove the remaining part, which is Liouville’s theorem.
Let |f(z)| < M for every z. Clearly |z — x| > |2| — || = R — |z| and similarly |z — y| >
— |y| on |z| = R, and therefore

f(z)dz ‘ < M -27R
el=r (2 = 2)(z —y) | — (R —|z])(R = [y])
s |f(x lw =yl M- 27 ince i — 0as R — oo
e ety e e ) R e 7 77
it follows that |f(z) — f(y)| =0 or f(z) = f(y), so f is constant. i

Question 1(c) If f(z) = D07 a,2" has radius of convergence R and 0 < r < R, prove

that
1 27

3 |, e o= e

Solution.

FOR =1 TH =Y e s =3 3 aa,%
n=0 m=0

n=0 p+q=n
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We know that if a power series has a radius of convergence R, then it is uniformly and
absolutely convergent in |z| < r where 0 < r < R, therefore

1 2m © 1 2m o o
o ; 1f(2)|?df = Z %/0 Z apagririe (r—9)0 g
n=0

ptg=n

Since fo% e'P=9% J9 = (0 when p # g, we get

1 2T o .
o MNTCISTES Ses
n=0
(Note: This shows that if |f(z)] < M on |z| = r, then Y >°  |a,[*r** < M?2.) |
*d
Question 2(a) FEwvaluate / % if a lies inside the closed contour C.
c\x—a

ze?

(z —a)?

1 & [(z—a)ize? 1d< ‘y Z) 1( C e Z) a<1+a)
— =-—(z2"+e¢ =—(z+e"+e =e =
2! dz? (Z — CL)3 s—a 2 dz z=a 2 z=a 2

Thus by Cauchy’s residue theorem,

*d
/(j%z%riwﬁ“(l—l—%) = mie"(2+ a)

Solution. Clearly the only pole of is of order 3 at z = a. The residue at this pole

is

Question 2(b) Prove

/ e~ cos(2bx) dx = ge_bQ (b>0)
0

by integrating e=*" along the boundary of the rectangle || < R,0<y<b.

Solution. D(-R,b) « C(R,b)
y=>=
Let the rectangle be ABC'D where A =
(—R,O),B = (R70)7C: (Rab)vD = (—R,b) Yyr=—-R r=R
oriented positively. Since e~* has no pole in- C 1
side ABC'D, we get lim e dy=0. —0
R—oo JapcD I =

3
For more information log on www.brijrbedu.org.

Copyright By Brij Bhooshan @ 2012.



(Note that e~*" has no pole in the entire complex plane.)

1. On BC, z = R+ 1y and 0 < y < b, therefore

.2
/ e % dz
BC

Clearly e ® — 0 as R — 00, so lim e dz = 0.
R—oo [po

b b
/ e e 2Ry ="y dy’ <e / " dy = (constant)e ™
0 0

2. On DA, z = —R+ iy and 0 < y < b, therefore

0 b
.2 _p2 . 52,2, _p2 2
/ e dz /eRem’yezyzdy‘geR/eydy
DA b 0

o0

3. On AB, z =x so lim e dz = / e dy = V.

R—oo [ 4B o)

4. On CD, z = x + ib, therefore

—0o0 o
. _,2 _ 2 5212 o9 2 _ 2 ..
lim e’ dz:/ e e e g — b / e~ [cos 2bx — i sin 2bx| dx

R—o0 cD

o0 [e.o]

Using the above calculations, we get

0= I%im e dz =1 —é” / e~ [cos 2bx — i sin 2bx] dz
—Jo —00

Equating real and imaginary parts,

/ e~ sin 2bx dx = 0

—00

and

/ e " cos 2bx dr = ﬁe_bz

[e.e]

Thus

o0 1 o0 _b2
/ e~ cos 2bx dx = 3 / e~ cos 2bx dr = ﬁ;
0 _

o0
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Question 2(c) Prove that the coefficients ¢, of the expansion

1 [o¢]
— 5 = E Cn 2"
1—2—=2
n=0
satisfy ¢, = cp_1 + ch_o,n > 2. Determine c,.

Solution. 22+Z—1=0=>Z=#5. Let)\:#g,,u:%g. Thus f(z2) = —2— is

1—2—22

analytic in the disc |z| < A as both the singularities at z = A and z = y lie outside it. Thus
f(2) has Taylor series expansion with center z = 0.
Let f(z) = Y07 cp2", then (1 — 2z — 2%) Y7 ¢,2" = 1. Equating coefficients of like
powers we get
Co — 1
Ci —Ch —

Cp —C —C =

Cp— Cp—1 — Cp2 = 0

Thus ¢, = ¢,—1 + ¢p—2,n > 2. The ¢,’s are Fibonacci numbers.
Now
-1

(z =Nz = n)
11 1
oA —plz—XN z—p
-1 -1
_ ;1[—1<1—3> _—_1<1_i> }
VL A A 1t 1
If we confine z to the disc |z| < A, then |§| < 1,[2[ <1 and we have

1 oo n (e.) n oo
f<z>=ﬁ[22%—2jm} =D o

n=0 n=0

flz) =

where ¢, are given as above. But the Taylor series of a function is unique, therefore we have

1 1
Cn = _)\n+1 o et

() -(55) ]

(55 ()

(%) (5]

5)
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