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Question 1(a) Show that the function
231 +14) —y* (1 —4)

0
)= wrg 7
0, z=10
is continuous and C-R conditions are satisfied at z = 0, but f'(z) does not exist at z = 0.
3 _ .3 3,3
Solution. Let f(z) = u + iv, then u = ;TzQ,v = % for z # 0, and u(0,0) =
v(0,0) = 0.
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e
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gy 0 = lim k =i =
Thus Ou _ v Qu = v at (0,0), i.e. the Cauchy Riemann equations are satisfied at

or dy’ dy Ox
(0,0).
f(2) is clearly continuous at z = 0, because
73(cos® ) — sin® )
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Thus u, v are continuous at (0,0), so f(z) is continuous at (0,0).
If f(z) is to be differentiable at 0, then

limm —  lim (7 —y°) +i(w +y ) ~ lim (x® 4+ iy°) (1 + i) (z — iy)
=0z w=0y—0 (22 +y?)(z + iy) 7—0,y—0 (22 + y2)?
: : ou v ,
should exist and it should be equal to a—(O7 0) + 26—(0, 0)=1+i.
T T

But if we take the limit along y = z, then

P fE -0 @it —iz) 14

20 P 7—0 (222)? 2
Therefore f(z) is not differentiable at z = 0. i
z
uestion 1(b) Find the Laurent expansion of ———————-— about the singularity z = —2.
Q (b) P f(2+1>(z+2) gularity
Specify the region of convergence and nature of singularity at z = —2.
Solution. Clearly
z 2 1 2 1
1) = +1)(z+2) 242 z4+1 242 * 1—(2+2)
2 o
- Z+2+;(2—|—2)”f0r|z+2|<1 (%)

The function satisfies the requirements of Laurent’s theorem in the region 0 < |z +2| < 1
and the right hand side of (x) represents the Laurent series of f(z), which converges for
|z + 2| < 1, because we have a singularity at z = —1 which lies on |z + 2| = 1. The Laurent
series expansion () shows that f(z) has a simple pole at z = —2, where its residue is 2. 1

Question 1(c) By using the integral representation of f™(0), prove that

n! 2mi Jo nlzrtt

Hence show that

o0 n. 2 1 2m
Z(‘CB_> _ _/ e2rcost gg
n! 2 Jo

n=0

Solution. It is easily deducible from Cauchy’s Integral formula that if f(z) is analytic
within and on a simple closed contour C' and zj is a point in the interior of C', then

R e

27 Jo (2 — z)n
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Let f(z) = €™ (Here x is not Rex but a parameter), then f(z) is an entire function and

therefore
n! e®?

W) =g"= — ¢ —.d
JrO) =" =55 ¢ o @

where C' is any closed contour containing 0 in its interior. Hence
"\ 2 " n! ev? 1 e
n! (n)?22mi Jo 2nt 2mi Jo nlznt
as required.
We take C' to be the unit circle for convenience. Then
o o
1 x"e”?
Z( T o Z% n'z”+1 " o j{ Z nlzntl dz
n=0 n=0

Interchange of summation and integral is justified. Thus

1'2; o0 ZC)TL
Z

LN et 4
;(H) 2mi sl=1 Z ; n! B % -1 Z ¢ dz
Put z = ¢ so that dz = ie?? df and

o0 7N 2 1 27 ex(ei9+e’w) ” 1 27
e
nzzg ( n! ) 27 Jo et 2 /0

as required. [ ]

Question 2(a) Prove that all roots of 27 — 52% + 12 = 0 lie between the circles |z| = 1 and
|z| = 2.

Solution. See 2006 question 2(b). i

Question 2(b) By integrating around a suitable contour show that

* xsinma T b
——— dv =5 " sinmb
0 T'+a 4b

where b =

s
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Solution.

Zezmz

Let f(z) = ———. We consider the in-
24+ a? T
tegral f7 f(z) dz where 7 is the contour con-
sisting of the line joining (—R,0) and (R,0)
and I', the arc of the circle of radius R and
center (0,0) lying in the upper half plane. (—T0) 0.0) R.0)
T Rez’GeimR(COSQ—I—isinQ) 0 R2
‘/Ff(z)dz‘ = o Rie d@’ o

because |2* 4+ a*| > |z|* — |a*| = R* —a* on T, and e ™% < 1 as sinf > 0 for 0 < 6 < 7.

Thus/f(z)dz—>0 as R — oo and

r
lim [ f(z2)dz = / e
R—o0 y

4 4
o IFta

dx

But by Cauchy’s residue theorem / f(2)dz = 2mi x (the sum of the residues of poles of

f(2) inside ). The poles of f(z) are simple poles at dae, +ae't, out of which ae™,ae’t

are inside 7.
37

. . aer e”’”’ef i . ae Feimaet
Residue at z = ae® is — Residue at z = ae ' is o
4ade s 4ade t
. ! 37 31
Sum of residues = |: ima(cos +isin T) + 6zma(cos +isin ):|
4a?
1 ma
_ [ o (i—1) Lo (i 1)}
4a?
. _ma __ma
e V2 ( 9 ma) e V2 . ma
= i18in— ) = ———sin —
4a? V2 2a? V2
Thus
, _ma
o petm® p 5 e V2 . ma
—dx = 2m sin —
oo T4 at 2a? V2

Taking imaginary parts of both sides, we get

*® rsinmx * rsin mx Te V2 . ma we ™
——dx =2 1 4dx: 5 sm—:—Qsmmb
_ o T'+a a V2 2b

[e.9]

* rsinmzx Te mb
ﬁdl’ = —281nmb
0 T+a 4b

as required. |
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do
—2cosf +sinf’

2m
Question 2(c) Using the residue theorem evaluate / 3
0

Solution. We put z = €', so that df = % cosf = $(z + 1),sinf = (2 — 1). Thus

12

/27r de

I = -

0 3—2cosf+sinf
dz

- 7{41 23— (2 + 1) + 5 (2 = 2]

z

B 2}{ dz

B |z|=1 6iz — 2022 — 21+ 22 — 1
B 2}{ dz

et (1= 20) (2 + 155) (2 + 125)

Clearly (6iz —2iz* —2i+ 2% —1)~* has two simple poles — =5 and — 1312@ of which only —
z+ —= 1
lies inside |z| = 1. The residue at this poleis lim , e =— = —. Thus
et (1= 20) (2 + 55) (2 + 125;) 4
by Cauchy’s residue theorem
27
de 1
I:/ - =2-2m-— =T
0 3—2cosf+sind 43
[ |
5}
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