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Question 1(a) Ezamine the nature of the function

r?y°(x + iy)
[L‘4 + yl()

f(z) = 27 0,f(0) =0

i a region including the origin and hence show that the Cauchy-Riemann equations are
satisfied at the origin, but f(z) is not analytic there.

Solution.
C Ref(o = [ @y £0,0)
) = Rl {07 (2,9) = (0,0)
o pey = L @) # 0,0
) e {0, (2.) = (0,0)

u(z,0) — u(0,0) v(0,y) —v(0,0

=0= ’ ), therefore u,(0,0) = v,(0,0) = 0. Similarly
T

Yy
1,(0,0) = 0 = —v,(0,0). Thus the Cauchy-Riemann equations are satisfied at (0, 0).
) - 10) o

Now

However f(z) is not analytic at (0,0) because igrg) . = £1—>o T 10 does not
— f(0
exist — when we take y° = ma?, then lim () = J(0) — ™ _ Which is different for
20 z 1+ m?
different values of m. i
1
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Additional notes: Let z # 0. It can be calculated that

ou  3x?y'® — 255 ov  —4x?y'® 4 625

or (24 + 10)2 8_y - (24 + 10)2
ov 2yt — 2255 ou S5xTyt — 5yt
or (m4+y10)2 Oy - (x4+y10)2
Now 2t = g_z o 302y — b5 — A2y 4 6258 o a2yl — 255 o 2t — 41 or 2 = 0 or
=0.
Also, g—: = —2% when 2 = y'® or z = 0 or y = 0. Thus the Cauchy-Riemann equations

are satisfied at all those z for which 2% = !9 or x = 0 or y = 0. But f(2) is not analytic at
any of these points because f(z) is not differentiable in any neighborhood of these points,
as we can find points in every neighborhood which are not of this kind, so there are no
neighborhoods in which the Cauchy Riemann equations are satisfied everywhere.

ti 1(b) Forth 17} =5 2.9
Question 1(b) For the function f(z) 2 _3.419

(i) 1< 2] <2 (i) |2] > 2.

Show further that ¢ f(z)dz = 0 where C' is any closed contour enclosing the points z = 1
c

, find the Laurent series for the domain

and z = 2.

1 1
Solution. f(z) = 1= 5
z— z—

() 1<]z]<2=[1 <1,|5 < 1.

o = M-8 0y
+

(i) 2| >2= |1 < 1,]3| <1

o = -3 20-y”

- 1 1 1 n
2 Ak z Ak
= =0
=12
- Zn+1
n=0
2
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j{;f(z)dz B jé(zil - z12>d’z

= 27 [residue of Z—il at z = 1 — residue of ﬁ at z = 2}
= 2mi[l—1]=0
[ |

Question 1(c) Show that the transformation w = transforms the circle 2> +y*—4x =

0 into the straight line 4u + 3 = 0 where w = u + 1.

Solution. The point z = 4 goes to the point at oo, showing that the given circle 0 =

2?4+ y? —dx = 27 — 4(5F) = 2Z — 22 — 22 = 0 is mapped onto a line, as z = 4 lies on it.

3+4
Now zw—4w = 2243 = zw—2z = 3+4w = z = + w. Thus the circle 22—22—2Z =0
W —
goes to
0 — 3+ 4w 3+ 4w 23+4w_23+4@:0

w—2 w—2 = w-—2 w—2
=0 = 94 12w+ 120 + 16ww — 2(3 + 4w)(W — 2) — 2(3 + 4wW)(w — 2)
=0 9+ 12w + 12w + 16ww — 6w + 12 + 16w — Sww — 6w + 12 4 16w — ww
= 33+ 22w + 22w
0 = 2(w+w)+3

Thus 4u + 3 = 0, as required. [ |
Alternate solution: The given circle is |z — 2| = 2 = 2 = 2 + 2¢". Substituting in
transformation expression,

2243 4+ 4e? +3 7+ 4e'? (7 + 4e?) (e — 1)

T T T 2526 4 T 20— 1)  2(e — 1)(e—? — 1)
o Tem® —4e® -3 T(cosf —isin®) —4(cosd + isinf) — 3
o 2(2 —eif —emil) 2(2 — 2cos0)
~ 3cos —3—1lisingd 3 . 1lsinf
4(1 — cos ) B _Z_Zm
Thus u = —% = 4u + 3 = 0, hence all points on the circle |z — 2| = 2 are mapped onto the
line 4u + 3 = 0.

Question 2(a) Using the Residue Theorem show that

/m%dx: ge_asina (a>0)

Solution.

3
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We consider [ = / f(2)dz where f(2) = 28 shown.
ol

ZeZCLZ

2444
circle of radius R with center (0,0) lying in
the upper half plane bounded by the real axis

and the contour 7 consists of I" a semi- I

>

(R0]  (0.0)  (RO)
Thus by Cauchy’s residue theorem, / f(2)dz = 2mi(sum of residues at poles of f(z) inside
v

7). | |
Clearly f(z) has simple poles at z* = 46(2”“W forn =0,1,2,3, or z = 2eT, 26%,
26%, V2e . Out of these only the poles v2e7, V2T lie inside 7.

1az iax

Residue at \/56% is -~ |atz= \/56%, which is ac where o = \/56% = 1-+3.
(= +4) do?
) iaf )
Residue at \/56% is 252 where = \/ée% = —1+41.
Sum of these residues is
1 |:€7jaoz N eiaﬁ:| B 1 [eia(l—i—i) eia(—1+i):|
4la2 = g2l 4l 2 (—2i)
€% i —ia e “sina
= Gl =—

A 44 4

/zeiazdz
r 2t+4
because |24 + 4| > |24 —4 = R* —4 on T, and e 5" < 1 as sinf > 0 on [0,7]. Thus
Jo f(z)dz — 0 as R — oo. Thus

2€'%% 2 e %sina
Thus / = 21— —. Now
5

™ ReieeiaRew ) R2 ™ ) 7TR2
‘R 0 dol < —aRsin6 do <
/O Arq ‘ = R4—4/0 ‘ = Ri_4

dz = lim —dz = ————2m1

0 gelar 2! e %sina
700.174—|—4 R—o0 7Z4—|—4 4

Taking the imaginary parts of both sides, we get

/°° T sin ax me *sina
x
1
oo TH 4 2

as required. [ |
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Question 2(b) The function f(z) has a double pole at z = 0 with residue 2, a simple pole
at z = 1 with residue 2, is analytic at all other finite points of the plane and is bounded as

|z| = oc0. If f(2) =5 and f(—1) =2, find f(z).

Solution. Since f(z) has only poles as singularities in the extended complex plane, it is
well known that f(z) has to be a rational function. Since f(z) has a double pole at z = 0
¢(2)
22(z—1)
polynomial such that ¢(0) # 0,¢(1) # 0. Moreover degree of ¢(z) is < 3 as we are given

that f(z) is bounded as z — oo. Let ¢(z) = ag + a1z + a2* + azz®. Then

and a simple pole at z = 1, it has to be of the form f(z) = where ¢(z) is a

2 4
f(2) _5 — CLO+ (Il—tl a2+8a3 _ 5 (1>
f(—l):2 . ao—a1+2a2—a3:2 (2)

Residue of f(2) at 2 = 1 is lim & — D2E)

E T P = ¢(1). This value is given to be 2, so

ag+ a1 +as+as = 2 (3)
1 — (¢ _
Residue of f(z) at z = 0 is given by T dilz(f(—Z)1> at z = 0, or (2 )<<Z¢_(Z1)))2 P(2) _
—ay1 — ag. Since this is given to be 2,
—ag —a; = 2 (4)

Adding (2), (3) we get 2ag + 2a3 = —2 = ay = —1 — ap. Substituting as = —1 — ag, a1 =
—ap—21n (1), we get ag—2ag—4—4—4ag+8az = 20 = 8az = Hap+28. Substituting in (3), we
have ag—ap—2—1—ag+ 22 =2 = —3ag+28 =40 = a9 = —4 = a; = 2,a2 = 3,a3 = 1.
—4+2 322 3
Hence f(z) = i 2? + i +e is the desired function.
22(z —

Note: If f(z) has only poles in CUoo, then it is a rational function. If ¢1(z), ¢2(2), ..., or(2)
are principal parts of f(z) at the poleszi, 2z9,..., 2 and ¢(z) is the principal part of f(z)
at oo, then f(z) — 377 | ¢;(2) — ¥(2) being bounded and analytic in C U oo is constant
= f(2) =225, 9i(2) +¥(2) + C. Thus f(2) is a rational function, as each ¢;(z) is a ratio-
nal function and v (z) is a polynomial. i

Question 2(c) What kind of singularities do the following functions have?

1. at z = 2mi.

1 —e*

1
2 ————atz="1.
Sl z — COS 2

)
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cotmz

: W at z=a and z = oo. What happens when a is an integer (including a = 0)?
z—a

Solution.

(z —2mi)? (2 —2mi)3
o 3l

e* — 1 has a simple zero at z = 2mi. Thus the given function 1_1€Z has a simple pole at

z = 2mi. Now residue at z = 27 is given by

1. Clearly ¢ — 1 = ¢e* 2™ — 1 = (2 — 2mi) +

+ ..., showing that

. z — 2m
lim =1
2—2mi | — e?

1
2. f(z) = ——— . We know that

sin z — cos 2

sinz = — +

— — ~——*~— + ..+ Higher powers of (z —

cosz = —— — (z——)————+...+Higher powers of <z—

\3
Z__
= sinz —cosz = \/§<z——>—\/5@+...+Higherpowersof (z—%)

: : : m : : 1
Since sin z — cos z has a simple zero at z = —, the given function — has a
4 Sin z — Cos 2

. T
simple pole at z = 1
. T, . . z—7% 1
Residue at z = — is given by lim ———— = —.
4 -Tsinz —cosz /2

cotmz

3. f(z) = Goar

ﬁ. f(2) also has a pole at z = a, whose nature is as follows:

f(2) has a simple pole at each z = n,n € Z,n # a, with residue

(a) a is not an integer and a # n + 3.
In this case, cosma # 0,sinma # 0 and therefore f(z) has a double pole at z = a.

(The residue at z = a is E[(Z —a)?f(2)],=a = —mcsc? wa.)

(b) a is not an integer and a = n + 3.

In this case cosz has a simple zero at a, and sinmz = %1, therefore f(z) has a

. . . .. cosmz 1 —rmsinTa
simple pole at z = a. (The residue at z = a is lim : = — =
z—a z —a SinTwa sina

—.)
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(¢) a is an integer.
sin 7wz has a simple zero at z = a and cosma # 0, then f(z) has a triple pole at
z = a. The residue in this case is —%, because

)3
sintz = (—=1)¢ |:7T<Z —a)— Wg% + Higher powers of(z — a)]
)2
cosmz = (—1)° [1 — w2% + Higher powers of(z — a)]
o) = 1 1-— 7r2% + Higher powers of(z — a)
(z—a)® n(z—a)[l — WQ@ + Higher powers of(z — a)]
_ 1 2 (2 —a)? 2 (2 — a)?

The coefficient of —- in the Laurent series of f(z) (formed by multiplying the

. . 2 2 . . . .
above series) is % [—% + %] = —%, which is the required residue.

(Note that the computation of residues was not required for this problem.)

Finally, f(z) has an essential singularity at co, because f(z) has zeros at z = n+3,a #
n+ % whose limit point is oo.
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