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Question 1(a) Let V be a vector space over R and let

T={kxy) |xyeV}

Deﬁne (Xa y) + (X17y1) = (X + X1,y + yl) in T and (O{ + Zﬂ)(X, y) = (OéX - ﬁya ﬁX + ay)
for every o, B € R. Show that T is a vector space over C.

Solution.

1. vi,vo €T = vy +va €T

2.
3.
4.

(0,0) is the additive identity where 0 is the zero vector in V.
If (X7y) S T? then (_X7 _Y) < T? and (Xv y) + (_X7 _y) = (07 O)

Clearly vi+va = vo+vy and (vi+Va)+vs = vi+(va+vs) as addition is commutative
and associative in V.

zeCiveT =z2veT

Iv=(1+i0)(x,y) = (x,y)

(a+iB)((x1,y1) + (X2, ¥2))

(a(x1 +x2) — B(y1 +¥2), B(x1 +X2) + a(y1 +y2))
(ax1 — By1, Bx1 + ay1) + (ax2 — Byz, fx2 + ay2)
(a+iB)(x1,y1) + (@ + if)(x2, y2)
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((a+iB)(y +1i0))(x,y)

(ay = B0 +i(ad + B7))(x,y)

((ay = Bo)x — (b + BY)y, (ay — BO)y + (ad + B7)x)
(a(yx = dy) — B(6x +7y), B(yx — dy) + a(dx + 7y))
(o +iB)((yx = dy), (0x +7y))

(a+iB)((v +10)(x,y))

Thus 7 is a vector space over C. |

Question 1(b) Show that if \ is a characteristic Toot of a non-singular matriz A, then A\~
is a characteristic root of A1,

Solution.
Av = v  Vv#0
= A lAv = M lv
= Alv = \ly
Thus A~! is a characteristic root of A~". [ |

Question 2(a) Prove that a real symmetric matriz A is positive definite if and only if

1 2 3
A = BB’ for some non-singular B. Show also that A = |2 5 7 | is positive definite
3 7 11

and find B such that A = BB'. (Here B’ is the transpose of B.)

Solution. If A = BB’ for some non-singular B, then x’ Ax = x’BB’x where x # 0 is a
column vector. Since |B| # 0, B'x # 0 = x’B.(B'x) is the sum on n squares, at least one
of which is non-zero. Thus x’Ax > 0 whenever x # 0, showing that A is positive definite.

Conversely, if A is positive definite, then IP non-singular such that P’AP = I,,. Thus
A =P~ 'P~! Letting B =P'~! we get A = BB’ as required.
The existence of P can be found by induction on n. Let

ayj; a1 ... QAip
A — a91 @29 ... QA9
Ap1 Ap2 ... QGpp
Define

1 —%2 _Gin
ain ail

=0 1 - 0

0 0 1
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a1 0
0 S
definite. Let Q* be a (n — 1) x (n — 1) non-singular matrix such that Q*'SQ* is diagonal,

by induction. Then let Q; = ( 1 ), and let P = Q;Q. Then P’AP is diagonal

0
0 Q*
(b11,b22, ..., bun). Let B = diagonal (—— ). Then BP'APB =1,,.

Then Q is non-singular, and Q'AQ = ), where S is (n — 1) x (n — 1) positive

Vo \/7
The quadratic form Q(z,y, z) assomated Wlth the given matrix A is given by
1 2 3 z
(z y z2)[ 25 7 y | = 2% +5y° + 112% + 4oy + 622 + 14yz
3 7 11 z

Completing the squares we get Q(z,y,2) = (x + 2y + 32)? + (y + 2)? + 22, so A is positive
definite, as 2 =0,y + 2 =0, 24+ 2y +32=0=zx =y =2 =0,
If B is a 3 x 3 matrix such that

x x4+ 2y + 3z
Bl vy |= Y+ z
2 2

then x’BB'x = ) = x’Ax, so A = BB’ as A and BB’ are both symmetric. Clearly

1
B=| 2
3

— — o

0
0
1
and it can easily be verified that A = BB'. [ |

Question 2(b) Prove that a system Ax = B of non-homogeneous equations in n unknowns
has a unique solution provided the coefficient matrix is non-singular.

Solution. If A is non-singular, then the system is consistent because the rank of the
coefficient matrix A = n = rank of the n x n+ 1 augmented matrix (A, B). If x;,x2 are

two solutions, then
AXl =B = AX2

— A(Xl — X2) =0
— AilA(Xl — Xz) =0
— X1 = X2

Thus the unique solution is given by the column vector x = A~1B.
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Question 2(c) Prove that two similar matrices have the same characteristic roots. Is the
converse true? Justify your claim.

Solution. Let B = P 'AP then characteristic polynomial of B is |[A\I — B| = |AI —
P !AP|=|P!A\IP —P'AP| = [P ||\ - A||P| = |\ - A|. (Note that |X|[Y] = |XY].)
Thus the characteristic polynomial of B is the same as that of A, so both A and B have the
same characteristic roots.

The converse is not true. Let

(o) me(ah)

Then A and B have the same characteristic polynomial (A — 1)? and thus the same charac-
teristic roots. But B can never be similar to A because P"'BP = B whatever P may be. il
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